Chapter 6: Variational Principle with Its Application to

Two-particle Systems

Chen Huang

2020 FF 8 H 2 H
1 Hy=FEy & H= [THpdr

Hy = Ey < Hz/wdeT
Hrp g(ry, -, 7y), dr = diy - diy, AR
/z/ﬁwm =1

e AR AL,
Y=+ 0y
wT N wT + (Wﬁ
§H = H(p + 6, " + 61 — H(p, 1) ~ (61)?

H= [¢THypdr = Hi = Ey

5H:5/¢TH¢dT:o

H T2 R
/ Ylpdr =1

5l Lagrange 3
SH — N\ / Plydr

= / (69T Hapdr + / YT H(5¢)dT + / (59T H (5¢)dr — A / (8pT)pdr — X / Y (S)dr — A / sutoypdr
= [euhtvar+ [6HGuar - [@uhvdr - [ viGu)ar (B 25 R )

- / (64)(H — A\)pdr + / S — N)(50)dr = 0

[14
Hip =\ Hiypl = Myt



1 Hy=FEy & H= [¢'HyDr 2

Hy =Ey = H= [¢tHydr

o
Hyy = E\y, (10)
il
Ey— / Sl Hadr (11)
U T
/1#11/}@7 =1 (12)
B
Y = Yx + 0 (13)
Pl = 9l + 6] (14)
T (LR S E AL Eq.(12)
/ (6] + 51)(n + e )dr = / drflin + 61 (60) + (01 + () (0] = 1 (15)
/ ar [ (50) + (0u))s + (691) (502)] = / drolsl® + / drlsunl? = 0 (16)
BTN RE E)
Ey — By + 0y / dr(] + 5V H( + 50) (17)

SEy — / Ar{yl H (305) + (505 Hos + (00]) H (59)]
_E, / Al (515) + (0L )ba] + / dr (560 H(5¢») (18)
__ EA/dT|5wA|2 n /dT(dzﬁj{)H(é@/},\) —0

Hi, = B, (19)
P, BGERTR, HEREH ¥
57/1)\ - Z 5a/z/1/]l/ (20)
¥ oy HRN Eq.(18)
0Ex=—ExY [6a,)* + > E,|da,> =0 (21)
2 Sa, # 0 I i
A J—
5o, =0 (22)
XTES E\ = E
0Ey=—Eo Y _|6a,*+ Y E,|da,]* > —Ey» _[da,|*+ Eo Y _ |da,> =0 (23)
82E
&L; >0 (24)

AT By BT RS ARAS Rk ME . £ Hilbert 28R [dr(|® = 1 BRET_EERARARSS, AR HEZACTTH S HR
H BRI R A



2 RITZ VARIATIONAL THEORY

General Meaning of Variational Principle
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(1o, A I, A 1-Xx 1-x 1 1 1
—(—2 A “) i
A2 1= A 1= 1 1
= (‘2 T T T T e A ) 9 (ra1) ¥ (re2))
54
(V| Hor [Vs)
=2 [(Y(re1)(rv2)| Her [0 (ra1)1) (Tb2)> (W(rp1)(raz)| Het [¥(ra1)(re2))]
A?1-— A1 —)
=2 (Y(ra1)¥(r32) 5 J(152)) + (P (ra1) ¥ (re2) 5 -~ )¥(132))

— (¥ (ra1) ¥ (re2)] @ [ (ran) ¥ (re2)) — (¢ (ra1)y (sz)l — |¢(7’a1)”¢(7’b2)>

+ <¢(7“a1)¢(7“b2)| i ¢(7a1)1/1(7"b2)>] + 2 { (t(raz)t(ron) >\2 (Ta1)¥(r52))
HMm)mm—z—ZQWWMWMPWmemumewmm

- <¢(7"a2)¢(7“b1)| a W(Tm)w(?“bz)) + <¢(7"a2)1/1(7“b1)| i |¢(7“a1)¢(7“b2)>]
A2 1—A A2 1 —

=2 ()] = % = LR ) + )] - (r2)
—wmmé¢m&—wmm;wmm+umwmmwmnmm]
w2 )l = 5 = T2 o)) T+ (00l -y~ S ) g

— (¥(ra2)] Ti [P (re2)) J — ((rp1)] 7; [¥(ra1)) J + ((Ta2)P(rs1)| e |1/f(7"a1)¢(7“b2)>}

a2

2

|
)

2

A2
<¢(T¢l1) 2 Ta1 a2
2
<w(7’b1) )\2 L=

=2(2A4 — 2IC+IC)i2(2A’ —28J+¢&)
=22 (AiA’ )= 2K+ EJ)+K + &
2 p=AR, bk

A= )l - 5 — 2 W) = —5 — (1= A= 5 -
A = ()| = 5~ T2 o)) = T+ (A D

K—wmﬁ:lwm»—;ﬁ—ﬂﬁﬂme”ﬂ—zﬁ—ﬂ+meﬂ

a2
(ra1 + 7o2)]
T12

A4 —2A
Blra )| (o) = - [ arar S22

= (¢

A 11 3 1
=—|1=1(1 - <2 -3 —2p
p{ <+8p+4p+4p)e }

(ran)) = 2 (rsa)] - [(rs2)) + ()b (riz)| - )

OM»J—ﬂMmﬁh;W@m%ﬂﬂwmﬁwmﬂrlW@mWUwﬁ

16

Ji(r2))  (165)

(166)

(167)

(168)

(169)

(170)



& = ((ra2)| 7}2 [ (rie)) = A1+ AR)e M = A(1 + p)e™” (171)
E = (Y(ra2)th(rp1)] Ti 1 (ra1) 0 (r2)) = % /dFldFQ exp[—2A(rq1 J;m + 731 + 7p2)]
2 12 (172)
- 5 23 3, 1 4 —2p QM
(-5 w) 3
Hr
p(p) = J*(p) (Inp +c) = J*(=p) Er(dp) + 2T (p)J (—p) E1(2p) (173)
Ei(z) = /DO %e‘tdt (174)
T = (ra) 6(r)) = ((ras)l(ra)) = (1 AR+ ;vm) e — (1 +o+ ;p) e (1)
H—1L A+
(Wi W) = (W(ra1)(rue) £ U(ra2)(ron) [(ra) ¥ (re2) £ Y(raz)ib(rpn)) = 2 £ 2J° (176)
Ei:l‘Fw—l—F ! AL AT)-2K+EJ)+ K £&] (177)

R (Uo|Py) R 14J2

E(R) A

E

Ry

T > R
1 : E
M

SR ARLTREREARINE, E- ARE, By B0E, B RE sm O TR AR

E.(Ry) = —1.139 a.u. (178)
O = 0 fiiih
A= 1.166 (179)
Ry = 1458 a.u. = 0.77A (180)
HL B E .
D = —1— (Ey + 5liw) = 0.129 an. = 3.54eV (181)
SLEG 4
Dep = 4.45¢V (182)
AT LB PR o> S HUE S5 R ERE . fln— S50
A
$(r) = e (159

N3
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P2

Y(r) = Z=(1 4 Agr)e ™" (184)
A SRR R X R R KR B 1 Ve 2 X H P 28 S AR T % A W R X ——1 2448 (chemical bond)
BT RIS XA 1]
= (Ve (1L,2)H|[Wi(1,2))  ((ran)Y(ree)| H [9(ra1)(re2)) £ (P(re1)Y(ra2)| H [1(1a1)9(132))

o= = 1
(T4 (1,2)[T(1,2)) 12 (185)
1 1 1 1 1 1 1
H:—V2+V2+—<+++> 186
R 2( ! 2) T12 Tal  Ta2  Tel  Th2 (186)

\Ij:t(lv 2) = [¢(Ta1)¢(7“b2) + ¢(Tb1)¢(ra2)] X(],1(3127 522) (187)

RPN H A = 1.166, HTRAZIHEHRE By < E- RPN, BIEH A = 1 8RB mAK . fij 5
B, FATEER A =1, B o(r) NEEFRREE, B2 A2,

v = e (188)
1 H-atom 1 1 1
HIlra)o(ra)) = | 4288+ (= o) o)l (159
H(1 ) = + 2B + 0 )b(ra)] - = —— =~ [9(ra1 ) (r22))
T12 Ta2 b1 (190)
|2 (G280 ) 4 sl = = L= (e (ra)
s S Gl ( b 21y
1 atom U :l:U -atom U +7 :l: U +J*
By = & + 2B 4 ]iiJ;EX:ZE(I){ 2 Rlijfx R (191)
D 3 direct, EX f{3 exchange
Up = —2K + K’ (192)
11488 Up Fl Usx BIEUESS
A E(R) A
E
> R
NP7
(W(ran)¥(ree)| H [¥(ra1)(rs2)) & (W (re1) Y (raz)| H [ (1a1)¥ (re2)) (194)

HW ERMHEAE SR, B s A AR SR
Upx ~J. J ZXEWD, B JBK, [Usx| K, SHBFRTE, ACRMESE. MM EUR 7 A3 R A
BEbEZE . J K, By MU, RBRRSE: 1 E- MK, KANEE.
RWIERHANTT M e mEE, SHELEHE,
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7 Theory of Chemical Bonds

ZHS H Pauli $2H), ¥ 44 Pauli chemical bonds theory.

Example: H,O

N4 HO A IXFEZE I E5E1E H R O W45 (RS h e 2 BT idis)
H: 15'(5) H: 1s'(6) 0: 1s%2s?2p*
p A 3 MELE, WL 6 T
2ps 2py 2p.
T 1N 1N
il Hund's rule, BEAREIERAL, = DHETAITMHERE, EE 4 2p BuEHETE 4 PHET
2ps 2py 2p
(1) T(2) T(3)14)
ARBLHIY pe T py BUES SIS H 7 HF RO IR 75
[th2pe (1)1 (5) 4 t2pa (5)1m (1)] X0 (512, 522) (195)

[V2pz(2)V 1 (6) + Vape (6)1 1 (2)] Xo(S12, S22) (196)

Pas Py, P> HAHEE, (HRTAT H R FHOR AR, ez B R . Pauli IR RS EARRE T HLO
HIZEH o

Example: NH;
N JE7-45# 1s%2s%2p3
2pa 2py 2p-
T T T

W =AEUAFH T HEETEE T, 2515 pe,py, p- PUBR T o po, py,p. FUBIER, Bl TA H EHFRR
Wi, RSB AR L0 107°



7 THEORY OF CHEMICAL BONDS

Example: CH,
Pauli BLRREMERET A7 FE50M? A TPRER CHyo N L5 1572572p

2]9 x 2py 2p P
T T

HRPENIANR Pauli BETCRA#RE CHy AT icst, fiily Pauli 21 Pauli JRCHUETEE,

o IsHUE: Rio(r)~e™"
o 28 HIjE: Roo(r) ~(1—r)e "

o 2p BiE: R2,1(7“) ~re "

2
A IRn,ll

s
2s 2p

4
~

20

2s BUIEA] 2p HUBLLIARRBEAR ST, 28 LIRS EER T, 25 BuEr LA 2p BuBEHiZRI.

LB KA
dj = R2s (T)
VYope = \[Rgp(r) sin 0 cos ¢
Yopy = :{Rgp(r) sin # sin ¢
V3

VYop, = ERgp(r) cos

N TPHETIE, FATAN Ras(r)=Rap(r)
¢2s =1

pr:c = \/§Sin9 COSs
Yapy = V3sinfsin g
1/)2[)2 = \/§COSH
flif] LCAO ik, %
Vi(7F) = aas + bithops + Cithapy + dithap. (i =1,2,3,4)
A FR 1S 2]
|bi] = |es| = [di]

(197)

(198)
(199)

(200)
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P9 iE 38 B milH—
/ [0 (F)[2dF = a® + 3b7 = 1 (207)
77/12(77) = aw2s + b (¢2pm + ¢2py + 1/}2102) (Z =1,2,3, 4) (208)
VR RN 2, y, 2 Bk AHEAER B 517
sinp = cosp = \}5 cosf = \}g sinf = g (209)
i
¢25 = prw pry prz - (210)
1 (F) = a+3by = a++/3(1 —a?) (211)
ERIEC YN 1
= [a /31— az)] —0 (212)
it . .
a= B b= B (213)
¢1 (F) = % (¢25 + prz + 77b2py + ¢2pz) (214)
o, Y3,y 5 Py IES .
(F) - 2 (1/}25 prm + 1/)21031 + ¢2pz) (215)
P3(7) = % (V25 + Vope — Yopy + V2pz) (216)
1/14 (F) - % (¢2s + 1/121736 + pry - 1/)2])2) (217)
X 4 NEE AT R
(tilpy) = bi (218)
CHy 1y 4 > H JRFHIHET2RI5IX 4 DIBERCH . e
[i(@)r (b) + i (0)Pr (a)] xo(Saz, Sp-) (219)
T <
DA
TR Y
oMLy
7 X

e B LCAO Jrik, BUTERAREUEZ S8, ISR BIER K8 AL B AP EEH, LCAO
KR TB el (Tight-Binding approximation), B[l

V5 (F) = Ze” ) (220)



